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Introduction

I NCOMPRESSIBLE Navier–Stokes equationscan be solvedby a
variety of methods such as the arti� cial compressibilitymethod

outlined by Chorin,1 the pressure correction method outlined by
Gresho,2 and Chorin’s3 classical projection method. This projec-
tion method was subsequently modi� ed to be of second order by
Bell et al.4 in which the nonlinear convective terms in the mo-
mentum equations are discretized using a specialized second-order
Godunov5 method for computing time-centered conservative dif-
ferences of the nonlinear convective � ux terms of the momentum
equation. More recently the Godunov projection method for solv-
ing the unsteady incompressible Navier–Stokes equations and its
application to a variety of incompressible � ow problems have been
carried out by Pan and Damodaran.6 In this study, the Godunov-
projection method for solving the momentum equations is coupled
with energy equation to explore the simulation of convective � ows.
Cavity � ows with and without forced or free heat transfer have al-
ways been popular test problems for evaluating the feasibility of
various numerical schemes. The aim of the present study is to ex-
plore the possibilityof computing the � ow structures that developin
a lid-driven cavity subjected to a temperature gradient, by using the
Godunov-projectionmethod for solving the unsteady incompress-
ible Navier–Stokes and energy equations. Numerous experimental
and computationalmethods exist in the literature for the cavity � ow
problems, for example, Koseff and Street,7 Prasad and Koseff,8 and
Mansourand Viskanta.9 In this work, the simulationis demonstrated
of mixed-convective heat transfer � ow in a narrow, vertical cav-
ity used by Mansour and Viskanta9 using the Godunov-projection
method5 by introducinga temperature gradient into the � ow� eld to
show the interaction between the shear force due to the moving lid
and the buoyancy force due to the different temperatures.
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Formulation
The nondimensional continuity, momentum, and energy equa-

tions considered are as follows:
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where © is the temperature dissipation term associated with the
nondimensional temperature, 2 D .T ¡ Tc/=.Th ¡ Tc/, where T is
the local temperature, Tc and Th are the cold and hot wall temper-
atures, respectively,U is the velocity � eld, p is the pressure, Re is
the Reynolds number, Ec is the Eckert number, Pr is the Prandtl
number, and Gr is the Grashof number. Boussinesq approximation
for buoyancy-driven � ows creates the last term in Eq. (2), which
appears as a vertical (z direction) component along the direction in
which the gravitational force is acting.

Numerical Solution Using Godunov-Projection Method
Speci� c details of the spatial-discretization of the convective

terms of the momentum equation using the Godunov scheme that
distinguishesthis scheme from classicalprojectionmethods and the
numericalsolutionof the resultingalgebraicequationsare described
by Pan and Damodaran.6 First, an unsplit second-order Godunov
method5 is used to compute time-centeredconservativedifferences
of the nonlinear � ux terms .U ¢ r/U in Eq. (2) to provide a robust
discretization scheme for overcoming the restriction of the cell
Reynolds number. The Godunov method is a predictor–corrector
method in which characteristics are used to extrapolate velocities
to time level t n C 1=2 from the solution at time tn . These predicted
velocities are then used in a corrector step in which Riemann prob-
lems are solved to resolve ambiguities in the upwind direction, and
the resultant states are used to evaluate centered difference approx-
imations to the advectivederivatives.Next, Eq. (2) is solved using a
Crank–Nicholson discretizationin which the pressure gradient and
the nonlinear term (evaluated at the previous step) are treated as
source terms. Because the pressure gradient term is lagged at time
t n ¡ 1=2 , an intermediate velocity � eld that does not satisfy Eq. (1)
is calculated.Finally, the intermediate velocity � eld is decomposed
into divergence-freeand curl-freecomponents.The divergence-free
component is the actual velocity � eld, whereas the curl-free com-
ponent is used to update the pressure.

An economical alternative to the projectionmethod is to create a
fractional-step method that approximates the projection method to
second-order accuracy that can be constructed for Eq. (2) as

.U¤ ¡ Un/=1t C r pn ¡ 1
2 D .1=2Re/r2.Un C U¤/

¡ .U ¢ rU/n C 1
2 C .Gr=Re2/k2n (4)

where Un is the velocity � eld from the previous time step and U¤

is the intermediate velocity � eld that satis� es the same boundary
condition as U. The lagged pressure gradient term in Eq. (4) ap-
proximates the effect of projection. The intermediate velocity � eld
is computedby solvingEq. (4). The decompositionof the calculated
intermediate velocity � eld is written as

U¤ D Ud C rÁ (5)
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Fig. 1 Comparison of computed and experimental temperature varia-
tion at a selected location: ¥, experimental values from Ref. 8 and ——,
present computed results.

Fig. 2 Effect of grid size on the convergence of the computed solutions.

a) Velocity contours

b) Isotherms at x = 0

Fig. 3 Computed velocity vectors and isotherms on the y–z plane at x = 1.0.

where Ud is the divergence-freevelocity,or the new velocityUn C 1,
and Á is a scalar. A Poisson equation is formed by taking the diver-
gence on both sides of Eq. (5),

r2Á D rU¤ (6)

Equation (6) is then solved for Á, with the cell-centered Neumann
boundary condition applied on the walls. Finally, the pressure gra-
dient is updated by solving

r pn C 1
2 D r pn ¡ 1

2 C rÁ=1t (7)

Results and Discussion
The capabilityof the numericalscheme is demonstratedby apply-

ing it to simulate � uid and heat transfer in a lid-drivencavity whose
lengths in the x–y–z directions have the ratio 6:2:1 correspond-
ing to the experimental con� guration by Mansour and Viskanta.9

The referencevelocity,which correspondsto the tangentialvelocity
V0 D 0:21 m/s imposed on the side of the cavity on the x–z plane at
y D 0 to simulate the effect of the moving lid shearing the � uid in
the cavity, is the speed of the moving lid, and the reference length L
is the length of the shortest dimension of the cavity. The reference
pressure P0 is the atmospheric pressure at the room temperature of
30±C. The thermophysical properties of the � uid in the � ow� eld
are also referenced at atmospheric pressure and room temperature
and are assumed to be constant. No-slip boundary conditions are
imposed on all sides of the cavity. A temperature gradient is im-
posed by keeping the cavity’s x–z plane at y D 0 at a cold-wall
temperature Tc D 25±C and the x–z plane at y D L at a hot tem-
perature Th D 35±C. Adiabatic conditions are imposed on the rest
of the cavity walls. The gravitational acceleration vector points in
the negative z direction. The initial � ow condition is assumed stag-
nant, and the ambient temperature is speci� ed as the initial tem-
perature condition. The base of the cavity lies on the x–y plane at
z D 0.

Figure 1 shows the variation of the computed nondimensional
temperaturein the y directionat z D 3:06on the y–z planeat x D 0:6.
This is in good agreementwith the experimentaldata reportedat the
corresponding location by Mansour and Viskanta.9 (Mansour and
Viskanta used x D 2:94 and z D 1:4 in the coordinatesystem.)When
similar variations at various locations are compared, the maximum
percentage error is about 10%, and the more signi� cant discrep-
ancies between the computed and experimental results appear at
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locationsnear the bottompart of the cavity.The discrepanciescould
be due to the large conduction error in the temperature readings re-
ported in the experiment.This is becausethe velocitiesin that region
are small. In addition, the experiment shows that at x D 1:0, as the
height along the z axis increases, the relative temperature corre-
spondingly increases. This has also been observed in the computed
results. The small discrepancies could be due to the assumption of
the constant thermophysical properties.

The effect of grid density on the solution is shown in Fig. 2
by considering mesh sizes of 72 £ 24 £ 12, 120 £ 40 £ 20, and
168 £ 56 £ 28 and by considering the converged values of the tem-
perature at the location (x , y, z) D (1.44, 0.80, 5.06). The various
convergence curves begin at the initial ambient temperature of
2 D 0:5, and as the grid is re� ned, the temperature approaches the
value of 0.8, which corresponds to the experimental measurement.
The 168 £ 56 £ 28 grid gives the temperature value of approxi-
mately 0.79, with a 1.25% error. Further increase in the grid size
beyond this size does not improve the value signi� cantly.

Figure 3a shows the computed velocity vector � eld, and Fig. 3b
shows the corresponding temperature contours on the middle y–z

plane at x D 1:00, from which a recirculating� uid � ow near the top
of the cavity and a small secondaryvortex just above the recirculat-
ing � ow can be seen. This is caused by the entrapmentof the pocket
of � uid in the corner.As a temperaturegradientis introducedinto the
� ow, buoyancy effects will cause the � ow of the � uid to be directed
upward in the positive z direction.This buoyancyeffect can be seen
clearly in the vicinity of the hot wall, where the temperature Th is
imposed. It can be seen that the � ow� eld is divided into two distinct
regions, the downward � ow on the cooler side of the cavity and the
upward � ow on the hotter side. At about y D 0:4, it can be seen that
the � ow is virtually stagnant. The � ow that is moving downward is
driven mainly by inertia, whereas the � ow that is moving upward is
drivencompletelyby buoyancy.The numericalresultscomparewell
with the � ow� eld contours based on the experimental data and the
method has captured the relevant thermo� uid physics of convective
� ows very well. Detailed results of the simulation can be found in
Chong and Damodaran.10

Conclusions
In this study, the Godunov-projection method has been used to

solve for the viscous incompressible � ow with heat transfer in a
lid-driven cavity. This projection method circumvents the problem
arising from the lack of the time dependency of the density in the
continuity equation. The energy equation is included with the mo-
mentum equations to solve the temperature � eld. The comparison
between the numericalresultsand the experimentaldata shows good
agreement thereby demonstrating the feasibility of using this algo-
rithm for � uid � ows with heat transfer. The maximum percentage
error is about 10% and is mostly due to the large conduction error
at the bottom of the cavity. The numerical simulation of the cavity
� ow reveals clearly the viscous effects at the wall boundaries and
the shearforceat the moving lid boundary.Grid convergencestudies
indicate that a grid size of 168 £ 56 £ 28 and above is required to
obtain numerical results that are within 1.25% of the experimental
results. The present study has only focused on the feasibility of
the numerical scheme to study steady-state convective � ows. Fu-
ture work will address the more general unsteady cavity � ow in
which perturbationswill be imposed on the boundary conditions to
simulate unsteady thermal and � ow effects and the steady-state so-
lutions obtainedhere will be used as the initial conditionsto capture
the evolving unsteady � ow� elds. The assumption of constant � uid
properties will be discarded, and the governing equations will be
modi� ed to take into account the temperature dependency by way
of coupling.
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Introduction

S EPARATED and reattached � ow occurs in many heat-
exchanging devices, such as electronic and power generating

equipment and dump combustors. A great deal of mixing of high-
and low-energy � uid occurs in the separated and reattached � ow
regions, thus impacting signi� cantly the heat transfer performance
of these devices. Studies on separated � ow have been conducted
extensively during the past decades, and the backward-facing step
geometry has received most of the attention.1¡3 The majority of
publishedwork dealt with the two-dimensional � ow, and compara-
tively little is published about the three-dimensionalnonisothermal
case. Such knowledge is critical for optimizing the performance of
physical heat-exchangingdevices because they have mostly three-
dimensionaland nonisothermal� ow. Forced convectionresultshave
been reported for a duct with an aspect ratio of 12 by Pepper and
Carrington4 and with an aspect ratio of 8 by Armaly et al.5 To the
authors’ knowledge, the work of Iwai et al.6 on the effects of duct
inclination angle on heat transfer for a duct with aspect ratio of 16
and the work of Li and Armaly7;8 on mixed convection in a duct
with an aspect ratio of 8 are the only published three-dimensional
results that incorporate the buoyancy force in the analysis for this
simple geometry.
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